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Abstract
Global production and service networks operate through complex interactions among suppliers, warehouses, plants,
and distribution centers that jointly manage large portfolios of parts. The resulting coordination problem is shaped
by dispersed inventories, heterogeneous lead times, and demand uncertainty that varies across regions and time.
Traditional centralized planning architectures encode these interactions in large optimization models that are diffi-
cult to solve and maintain as networks grow in size and complexity. At the same time, increased data availability
from transactional systems and tracking technologies has created opportunities for more responsive and distributed
decision processes. This paper examines collective optimization strategies for global parts management based on a
multi-agent data analytics view. The study considers a setting where decision responsibilities are distributed across
agents associated with locations and transportation resources. Each agent observes local states and data streams,
learns predictive models for demand and lead times, and solves local optimization problems subject to shared con-
straints. The global problem is modeled through linear structures that capture conservation of flow, capacity limits,
and service-level requirements. Coordination emerges through iterative mechanisms that exchange dual variables,
price-like signals, or low-dimensional summaries of forecasts and uncertainty sets. The analysis focuses on how
decomposition structures, learning architectures, and communication patterns influence cost, service, and scalability
properties. The discussion emphasizes trade-offs between centralization and decentralization and outlines condi-
tions under which collective strategies approximate centrally computed policies while accommodating modularity,
heterogeneous information, and evolving data-driven models in large global parts networks.

Table 1: Global parts network overview used in the multi-agent optimization experiments

Region # Suppliers Avg. lead time (days) Disruption risk index

North America 42 8.3 0.21
Europe 35 7.5 0.18
Asia-Pacific 57 13.2 0.34
Latin America 19 16.1 0.29
Middle East & Africa 14 18.7 0.37

1. Introduction
Global parts management involves the systematic coordination of material flows for many distinct part
numbers across a geographically dispersed network of suppliers, consolidation hubs, regional ware-
houses, plants, and customer-serving locations [1]. Each part follows a trajectory that may span several
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Figure 1: End-to-end architecture for collective optimization in global parts management. Cloud-based data repos-
itories aggregate historical events, market signals, and catalog information. Multi-agent coordination orchestrates
demand and supply agents, while analytics components perform forecasting, optimization, and scenario simulation.
Decisions are propagated to plants, regional hubs, and dealer networks with feedback channels continuously updat-
ing the shared data layer.

Table 2: Core agent types and decision responsibilities in the collective optimization framework

Agent type Primary objective Decision horizon Action frequency

Demand planner Forecast accuracy 4–12 weeks Weekly
Inventory allocator Service level vs. cost 1–8 weeks Daily
Procurement agent Cost and risk hedging 4–24 weeks Bi-weekly
Logistics scheduler Lead time reliability 1–4 weeks Daily
Capacity manager Utilization balance 4–26 weeks Monthly

Table 3: Data layers used for multi-agent analytics and their representative features

Layer Source examples Time granularity Key features (illustrative)

Transactional ERP, WMS Daily Orders, receipts, backorders, returns
Operational TMS, MES Hourly Shipments, capacity, disruptions, delays
Market POS, web Daily Sell-through, promotions, price indices
Risk External Weekly Weather alerts, political risk, outages
Master data PLM, MDM Static BOMs, sourcing rules, part criticality

echelons and transportation modes before reaching its point of use. Decision makers must determine
replenishment quantities, safety stock levels, allocation rules under scarcity, and possible lateral trans-
shipment actions, all under constraints on storage capacity, transportation resources, and contractual
lead times. The decision problem is high dimensional because it couples temporal, spatial, and part-
specific indices, and it is further complicated by stochastic demand, variable lead times, and occasional
disruptions.
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Figure 2: Multi-agent organization for global parts management. Demand, inventory, logistics, and risk agents
specialize per region, warehouse, transport lane, and disruption type. A central coordination hub aggregates agent
proposals and enforces joint decisions with assistance from policy and monitoring agents, enabling collective opti-
mization while preserving specialization and local autonomy.
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Figure 3: Data analytics pipeline underpinning multi-agent decision making. Heterogeneous ERP, IoT, and external
data sources are ingested, cleaned, and fused into a feature store and shared parts ontology. Forecasting, replen-
ishment, and allocation models consume the harmonized data and expose compact signals that are consumed by
agents to drive coordinated global parts planning.

A traditional approach builds a centralized optimization model in which a single planner controls all
decision variables [2]. In this view, all demand forecasts, lead-time estimates, and cost parameters are
collected in a central database and used to parameterize a large linear or mixed-integer program. The
model yields prescriptive decisions such as target inventory positions or planned shipments for each part
and location over a finite horizon. While this approach can provide a clear global reference, it becomes
increasingly difficult to maintain as network size grows and as data sources proliferate. Large models can
be computationally demanding, and large-scale data integration can introduce latency and governance
challenges [3].

A multi-agent perspective organizes the same problem differently. Instead of a single global decision
maker, one associates an agent with each major organizational or physical entity, such as a plant, regional
warehouse, or transportation group. Each agent maintains local state variables, receives local demand



4 B.H.

Sense

Predict Optimize

ActLearn

Multi-agent collective optimization loop for global parts decisions

Data Network

Figure 4: Closed-loop optimization cycle executed collectively by agents. Agents sense network-wide signals, use
predictive models to anticipate demand and risk, jointly optimize replenishment and allocation, act on the global
parts network, and learn from realized outcomes. The loop is repeated at multiple temporal and spatial scales,
allowing decisions to adapt to local dynamics while remaining globally coordinated.
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Figure 5: Collective intelligence through a shared multi-agent blackboard. Heterogeneous agents (regional, ware-
house, routing, and robustness) read and write to a common global parts state. Each agent proposes partial updates
based on its local view and expertise, while consistency mechanisms on the shared board ensure that the final allo-
cation and routing plans remain globally feasible and conflict free.

signals and operational feedback, and has access to local historical data. Agents may differ in their
objectives, cost structures, and information sets [4]. Collective behavior arises when agents exchange
information or price-like signals and adjust their decisions in response. This view is compatible with
organizational realities in global supply networks, where responsibilities are naturally distributed.

Data analytics provides the substrate on which such agents build predictive views of their environ-
ment. Transactional demand and shipment histories can be used to estimate time-varying intensities
or trends, while sensor and tracking data provide information about effective lead times, delays, and
capacity utilization [5]. Rather than assuming fixed parameters, one treats cost coefficients and con-
straint right-hand sides as outputs of learning processes that evolve over time. The resulting optimization
problem is therefore coupled with estimation dynamics: improved models lead to updated optimization
parameters, while decisions shape future data through their influence on inventories and flows [6].

This paper develops a linear modeling and multi-agent framework for collective optimization in
global parts management. The emphasis is on linear structures because they provide a tractable and
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Figure 6: Global parts network under collective optimization. Multi-agent policies coordinate supplier sourcing,
regional stock levels, and cross-region rebalancing. Vertical flows represent nominal movement of parts down the
network, while selected dashed arcs capture agent-triggered reallocation moves that mitigate localized shortages
and align global parts availability with installed base risk.

Table 4: Optimization scenarios for global parts management evaluated in the study

Scenario Description Main constraints Coordination level

S1: Local myopic Site-specific reorder rules Storage, budget None
S2: Regional pooling Shared safety stock in region Transport, service level Regional
S3: Global coordination Cross-region rebalancing Capacity, customs Global
S4: Risk-aware sourcing Dual sourcing with hedging Supplier limits, risk caps Global
S5: Disruption response Dynamic rerouting and expediting Expedite budget Global + local

Table 5: Comparison of collective optimization strategies on key performance indicators

Strategy Fill rate (%) Inventory cost (% of baseline) Expediting cost (% of demand) CO2 emissions (% of baseline)

Baseline rules 93.1 100.0 3.4 100.0
Centralized MIP 97.8 91.2 2.1 96.5
Independent agents 95.4 89.7 2.9 94.3
Collective agents (no risk layer) 97.1 86.5 1.8 92.7
Collective agents (full model) 98.3 84.1 1.3 90.2

interpretable backbone that can incorporate a wide range of operational constraints while supporting
decomposition and sensitivity analysis [7]. The modeling constructs accommodate multi-period inven-
tory dynamics, shared capacity constraints on transportation and storage, and service-level requirements
expressed through fill-rate or backorder bounds. The multi-agent decomposition partitions decision vari-
ables and constraints across agents and introduces coordination mechanisms that operate through dual
variables, consensus updates, or augmented Lagrangian formulations.

A central theme is the interaction between optimization and data-driven parameter estimation. Fore-
casts and uncertainty characterizations influence safety stocks and allocation rules, while dual prices
and constraint activity patterns can feed back into learning processes by highlighting which parts of the
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Table 6: Agent communication structures considered for collective decision-making

Topology Description Avg. path length (hops) Robustness to node failure

Star Single global coordinator 1.0 Low
Ring Each agent connected to neighbors 2.5 Medium
Hierarchy Regional clusters with hub 1.6 Medium–High
Fully connected All agents share state 1.0 High (communication costly)
Federated clusters Overlapping regional groups 1.8 High

Table 7: Ablation analysis of analytics components in the multi-agent pipeline

Configuration Forecast module Risk module Change in total cost vs. full model (%)

Full model Advanced Yes 0.0
No risk layer Advanced No +4.7
Simple forecasts Simple Yes +6.3
No demand learning Naive Yes +9.8
Rule-based baseline None No +15.6

Table 8: Regional impact of collective optimization on service and cost metrics

Region Δ fill rate (pp) Δ inventory cost (%) Δ backorders (%) Δ stockouts (%)

North America +3.2 -11.4 -18.6 -21.9
Europe +2.7 -9.8 -15.3 -17.1
Asia-Pacific +5.1 -13.7 -22.4 -25.8
Latin America +4.4 -10.1 -19.8 -23.3
Middle East & Africa +4.9 -12.9 -21.1 -24.5

network require more accurate models. By describing these interactions within a single linear-analytic
framework, the paper aims to clarify how multi-agent data analytics and collective optimization can be
combined to support scalable and adaptive global parts management [8].

2. Network Representation and Linear State Models
A global parts network can be represented by a directed graph with a finite set of nodes and a finite set
of arcs. Nodes represent suppliers, warehouses, plants, and demand points, while arcs represent feasible
transportation or production links. Parts form a finite set, and time is indexed over discrete periods. For
each part, location, and time period, one can define an inventory variable and a backlog variable [9].
For each part and arc, one can define shipment variables that capture material dispatched along that arc
at a given time.

Let the set of agents be denoted by

𝐾 = {1, 2, . . . , 𝐾max},

where each index identifies a plant, warehouse, supplier group, or transportation coordinator. For each
agent 𝑘 , consider a local state vector [10]

𝑥𝑘𝑡 ∈ R𝑛𝑘
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at period 𝑡, which stacks the inventories and backorders of all parts controlled by this agent. The control
vector

𝑢𝑘𝑡 ∈ R𝑚𝑘

represents decision variables such as order releases, shipments to downstream locations, and loads
assigned to outbound transportation modes.

A linear state transition model can approximate the inventory-flow dynamics at the agent level [11].
For each 𝑘 and time 𝑡, one writes

𝑥𝑘𝑡+1 = 𝑅𝑘𝑡 𝑥
𝑘
𝑡 + 𝑆𝑘𝑡 𝑢𝑘𝑡 (2.1)

+ 𝜂𝑘𝑡 , (2.2)

where the matrix
𝑅𝑘𝑡 ∈ R𝑛𝑘×𝑛𝑘

encodes deterministic carry-over of inventory and backlog, and the matrix [12]

𝑆𝑘𝑡 ∈ R𝑛𝑘×𝑚𝑘

maps decisions to state changes. The disturbance vector

𝜂𝑘𝑡 ∈ R𝑛𝑘

captures realized demand and any unmodeled effects. For many inventory models, the matrix 𝑅𝑘𝑡 is close
to an identity operator, while 𝑆𝑘𝑡 introduces signed contributions from shipments and receipts.

At the global level, it is convenient to collect all agent states into a single vector [13]

𝑥𝑡 =


𝑥1
𝑡

𝑥2
𝑡
...

𝑥𝐾max
𝑡


∈ R𝑛,

and all controls into [14]

𝑢𝑡 =


𝑢1
𝑡

𝑢2
𝑡
...

𝑢𝐾max
𝑡


∈ R𝑚.

The global state transition can then be written in block form as [15]

𝑥𝑡+1 = 𝑅𝑡𝑥𝑡 + 𝑆𝑡𝑢𝑡 (2.3)
+ 𝜂𝑡 , (2.4)

where the matrix
𝑅𝑡 ∈ R𝑛×𝑛

is block diagonal with blocks 𝑅𝑘𝑡 , and the matrix

𝑆𝑡 ∈ R𝑛×𝑚

contains diagonal blocks 𝑆𝑘𝑡 and possible off-diagonal blocks representing flows that directly influence
multiple agents [16].
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Inventory and backlog variables are subject to nonnegativity constraints at each period. Let

𝑥𝑡 =

[
𝑥𝑡 ,inv
𝑥𝑡 ,bo

]
,

where 𝑥𝑡 ,inv collects inventory components and 𝑥𝑡 ,bo collects backlog components. The constraints are

𝑥𝑡 ,inv ≥ 0 and 𝑥𝑡 ,bo ≥ 0

for all 𝑡. Linear inequalities can capture storage capacity limits at locations [17]. For a given location ℓ,
one can write

𝐻ℓ𝑥𝑡 ≤ ℎℓ ,

where the matrix 𝐻ℓ selects the inventory components that reside at ℓ and the vector ℎℓ encodes the
capacity level.

Transportation capacities on arcs can be represented by linear constraints on shipment variables [18].
Let 𝑣𝑡 ∈ R𝑞 denote the vector of all shipments in period 𝑡. A capacity constraint for a lane 𝑎 can be
written as

𝑔⊤𝑎 𝑣𝑡 ≤ 𝑐𝑎,

where the vector 𝑔𝑎 ∈ R𝑞 has entries equal to one for shipments that use lane 𝑎 and zero otherwise, and
𝑐𝑎 denotes the available capacity. When multiple agents use the same lane, the corresponding shipments
belong to different blocks of the global control vector and appear jointly in the constraint through a
suitable selection matrix.

Lead times can be incorporated by introducing in-transit state components. For an arc with deter-
ministic lead time 𝐿, shipments dispatched at time 𝑡 become available at time 𝑡 + 𝐿 [19]. This can be
modeled by a shift register, where in-transit variables

𝑧𝑡 ,ℓ ∈ R𝑞ℓ

move through positions as time advances. The associated linear dynamics can be written as

𝑧𝑡+1,1 = 𝑣𝑡 , (2.5)
𝑧𝑡+1, 𝑗 = 𝑧𝑡 , 𝑗−1 (2.6)

for 𝑗 ≥ 2, and receipts at the destination are equal to [20]

𝑟𝑡 = 𝑧𝑡 ,𝐿 .

These relations can be embedded in the global state vector and transition matrix by adding appropriate
rows and columns.

A global objective for a finite horizon 𝑇 often takes the form of a linear stage cost summed over time.
One may write

𝐽 =
𝑇−1∑
𝑡=0

𝑐⊤𝑡 𝑥𝑡 + 𝑑⊤𝑡 𝑢𝑡 ,

where the vector 𝑐𝑡 ∈ R𝑛 contains holding and backlog cost coefficients and the vector 𝑑𝑡 ∈ R𝑚 contains
transportation and ordering cost coefficients. The finite-horizon deterministic optimization problem is
then to choose 𝑢𝑡 for all 𝑡 such that the linear dynamics and constraints are satisfied and the cost 𝐽 is
minimized [21]. This formulation serves as a basis for multi-agent decompositions and for embedding
data-driven parameter updates.
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3. Multi-Agent Decomposition and Coordination
The multi-agent viewpoint partitions the global decision 𝑢𝑡 and state 𝑥𝑡 into local components controlled
and observed by different agents. For each agent 𝑘 , the local decision sequence can be collected into

𝑢𝑘 =


𝑢𝑘0

[22]𝑢𝑘1
...

𝑢𝑘𝑇−1


∈ R𝑚𝑘𝑇 ,

and the local state sequence into

𝑥𝑘 =


𝑥𝑘0

[23]𝑥𝑘1
...
𝑥𝑘𝑇


∈ R𝑛𝑘 (𝑇+1) .

The global vectors are concatenations of these local sequences, which implies a block structure in the
constraints and cost function.

Local dynamics for an agent over the horizon can be written in stacked form as

𝐸 𝑘𝑥𝑘 = 𝐹𝑘𝑢𝑘 + 𝑤𝑘 , [24]

where
𝐸 𝑘 ∈ R𝑝𝑘×𝑛𝑘 (𝑇+1)

collects the constraints arising from the state transition equations and initial conditions,

𝐹𝑘 ∈ R𝑝𝑘×𝑚𝑘𝑇

maps control sequences to state changes, and

𝑤𝑘 ∈ R𝑝𝑘

encodes known disturbances and initial states. This representation is derived by writing the equations
[25]

𝑥𝑘𝑡+1 − 𝑅
𝑘
𝑡 𝑥
𝑘
𝑡 − 𝑆𝑘𝑡 𝑢𝑘𝑡 = 𝜂𝑘𝑡

for 𝑡 = 0, . . . , 𝑇 − 1 in a stacked form and embedding the initial condition

𝑥𝑘0 = 𝑥𝑘0

as a linear equality.
Coupling between agents arises through shared constraints. For example, a transportation capacity

constraint for a lane used by agents 𝑖 and 𝑗 can be expressed as [26]

𝐺𝑖𝑢𝑖 + 𝐺 𝑗𝑢 𝑗 ≤ 𝑐,

where 𝐺𝑖 and 𝐺 𝑗 select the relevant shipments in each agent’s control sequence and 𝑐 ∈ R𝑟 is the
capacity vector. More generally, one can write a set of global coupling constraints as

𝐾max∑
𝑘=1

𝐻𝑘𝑢𝑘 ≤ ℎ,
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with matrices

𝐻𝑘 ∈ R𝑟×𝑚𝑘𝑇

and a right-hand side ℎ ∈ R𝑟 . These constraints express aggregate limits on flows, inventories, or service
metrics that involve multiple agents.

The global optimization problem can be written as a structured linear program [27]. Let

𝑢 =


𝑢1

𝑢2

...
𝑢𝐾max


, 𝑥 =


𝑥1

[28]𝑥2

...
𝑥𝐾max


.

Define a global constraint matrix

𝐴 =



𝐸1 0 · · · 0
[29]0 𝐸2 · · · 0
...

...
. . .

...
0 0 · · · 𝐸𝐾max

𝐻̃1 𝐻̃2 · · · 𝐻̃𝐾max


,

where the matrices 𝐻̃𝑘 incorporate coupling constraints written in terms of both states and controls if
needed. The global right-hand side vector is

𝑏 =



𝑤1

𝑤2

[30]
...

𝑤𝐾max

ℎ


.

The decision vector can be defined as

𝑦 =

[
𝑥
𝑢

]
,

and the global cost vector 𝑐 stacks the stage-wise holding, backlog, and transportation costs. The linear
program reads [31]

min
𝑦

𝑐⊤𝑦 (3.1)

s.t. 𝐴𝑦 ≤ 𝑏, (3.2)
𝑦 ≥ 0. (3.3)

Dual decomposition relaxes the coupling constraints by introducing a dual variable

𝜆 ∈ R𝑟 ,

associated with the inequalities
𝐾max∑
𝑘=1

𝐻𝑘𝑢𝑘 ≤ ℎ.
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The partial Lagrangian for given 𝜆 can be written as [32]

L({𝑥𝑘 , 𝑢𝑘}, 𝜆) =
𝐾max∑
𝑘=1

(
(𝑐𝑘𝑥)⊤𝑥𝑘 + (𝑐𝑘𝑢)⊤𝑢𝑘

)
(3.4)

+ 𝜆⊤
(
𝐾max∑
𝑘=1

𝐻𝑘𝑢𝑘 − ℎ
)
, (3.5)

where 𝑐𝑘𝑥 and 𝑐𝑘𝑢 are local cost vectors. Rearranging yields

L({𝑥𝑘 , 𝑢𝑘}, 𝜆) = −𝜆⊤ℎ (3.6)

[33] +
𝐾max∑
𝑘=1

(
(𝑐𝑘𝑥)⊤𝑥𝑘 +

(
𝑐𝑘𝑢 + (𝐻𝑘)⊤𝜆

)⊤
𝑢𝑘

)
. (3.7)

For fixed 𝜆, the Lagrangian separates into independent local problems for each agent 𝑘 , each of which
involves minimizing a linear function of 𝑥𝑘 and 𝑢𝑘 subject to local constraints. This gives a dual function
[34]

𝜃 (𝜆) =
𝐾max∑
𝑘=1

𝜃𝑘 (𝜆) − 𝜆⊤ℎ,

where 𝜃𝑘 (𝜆) is the optimal value of agent 𝑘’s local problem. A dual ascent algorithm updates 𝜆 using
subgradients given by the violations

𝑠(𝜆) =
𝐾max∑
𝑘=1

𝐻𝑘𝑢𝑘∗ (𝜆) − ℎ,

where 𝑢𝑘∗ (𝜆) is an optimal decision at the current dual iterate.
Consensus-based coordination exploits a network communication graph among agents. Suppose

agents can exchange dual variables with neighbors and aim to agree on a common dual vector 𝜆 [35].
Each agent 𝑘 maintains a local copy 𝜆𝑘 and updates it via

𝜆𝑘ℓ+1 =
∑
𝑗∈N𝑘

𝛼𝑘 𝑗𝜆
𝑗
ℓ (3.8)

+ 𝜌𝑠𝑘 (𝜆𝑘ℓ ), (3.9)

where N𝑘 is the neighbor set of agent 𝑘 , the weights 𝛼𝑘 𝑗 form a convex combination, 𝜌 is a step size,
and 𝑠𝑘 (𝜆𝑘ℓ ) = 𝐻𝑘𝑢𝑘∗ (𝜆𝑘ℓ ) is a local contribution to the coupling constraint residual. Such schemes aim
to drive both consensus on dual variables and satisfaction of shared constraints.

Augmented Lagrangian methods introduce quadratic penalties, but the core linear structure remains.
One creates local copies 𝑧𝑘 of a global variable 𝑧, imposes linear constraints [36]

𝑧𝑘 = 𝑧
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for all 𝑘 , and constructs an augmented functional

L𝛾 ({𝑥𝑘 , 𝑢𝑘 , 𝑧𝑘}, 𝑧, {𝜇𝑘}) =
𝐾max∑
𝑘=1

(
(𝑐𝑘𝑥)⊤𝑥𝑘 + (𝑐𝑘𝑢)⊤𝑢𝑘

)
(3.10)

+
𝐾max∑
𝑘=1

(𝜇𝑘)⊤ (𝑧𝑘 − 𝑧) (3.11)

+ 𝛾

2

𝐾max∑
𝑘=1

∥𝑧𝑘 − 𝑧∥2
2, [37] (3.12)

with multipliers 𝜇𝑘 and penalty parameter 𝛾 > 0. Alternating minimization and dual ascent steps then
provide a decomposition in which agents update (𝑥𝑘 , 𝑢𝑘 , 𝑧𝑘) locally while a coordinating entity updates
𝑧 and 𝜇𝑘 .

4. Data-Driven Parameter Learning and Uncertainty Sets
The linear models described above depend on parameters such as demand forecasts, lead-time distribu-
tions, and cost coefficients. In a data-analytic setting, these parameters are estimated from historical and
streaming data [38]. For each agent 𝑘 and for each part-location pair, consider a demand process

{𝑑𝑘𝑡 }𝑡≥0,

where 𝑑𝑘𝑡 ∈ R𝑠𝑘 collects demands for a subset of parts. A simple predictive structure uses a feature vector

𝜙𝑘𝑡 ∈ R𝑝𝑘

and a coefficient matrix
Θ𝑘 ∈ R𝑠𝑘×𝑝𝑘 ,

with conditional mean [39]
𝑑𝑘𝑡 = Θ𝑘𝜙𝑘𝑡 .

The coefficient matrix can be estimated by solving a local least-squares problem

min
Θ𝑘

𝑁𝑘∑
𝜏=1



𝑑𝑘𝜏 − Θ𝑘𝜙𝑘𝜏


2

2 , (4.1)

where 𝑁𝑘 is the number of historical observations. The solution

Θ𝑘∗ = 𝐷𝑘 (Φ𝑘)⊤
(
Φ𝑘 (Φ𝑘)⊤

)−1

can be expressed in terms of data matrices [40]

𝐷𝑘 =
[
𝑑𝑘1 𝑑𝑘2 · · · 𝑑𝑘𝑁𝑘

]
,

and
Φ𝑘 =

[
𝜙𝑘1 𝜙𝑘2 · · · 𝜙𝑘𝑁𝑘

]
.

Under streaming observations, a recursive update based on a gain matrix 𝐾𝑘𝑡 can be used to track Θ𝑘 .
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Uncertainty in predictions can be summarized through residuals

𝑒𝑘𝜏 = 𝑑
𝑘
𝜏 − Θ𝑘∗𝜙𝑘𝜏 ,

and empirical covariance matrices [41]

Σ𝑘 =
1

𝑁𝑘 − 1

𝑁𝑘∑
𝜏=1

𝑒𝑘𝜏 (𝑒𝑘𝜏)⊤.

An uncertainty set for demand over a planning window can be constructed as a Cartesian product of
ellipsoids or intervals. For example, an interval set for each component 𝑖 of 𝑑𝑘𝑡 can be defined as

D𝑘,𝑖
𝑡 =

[
𝑑𝑘𝑡,𝑖 − 𝛿𝑘𝑡,𝑖 , 𝑑𝑘𝑡,𝑖 + 𝛿𝑘𝑡,𝑖

]
,

with deviations 𝛿𝑘𝑡 ,𝑖 chosen based on empirical quantiles of 𝑒𝑘𝜏,𝑖 . The full uncertainty set is then

D𝑘
𝑡 = D𝑘,1

𝑡 × D𝑘,2
𝑡 × · · · × [42]D𝑘,𝑠𝑘

𝑡 .

Robust optimization can incorporate such sets by requiring that inventory constraints be satisfied for
all 𝑑𝑘𝑡 ∈ D𝑘

𝑡 . Consider a scalar inventory balance for a part-location pair

𝐼𝑘𝑡+1 = 𝐼𝑘𝑡 + 𝑞𝑘𝑡 − 𝑑𝑘𝑡 ,

with order quantity 𝑞𝑘𝑡 . A safety stock constraint can be written as

𝐼𝑘𝑡 ≥ 𝑠𝑘𝑡 [43]

for all 𝑡. To guarantee this for all 𝑑𝑘𝑡 ∈ D𝑘
𝑡 , one can rewrite the balance inequality as

𝐼𝑘𝑡 ≥ 𝐼𝑘𝑡−1 + 𝑞
𝑘
𝑡−1 − max

𝑑𝑘
𝑡−1∈D

𝑘
𝑡−1

𝑑𝑘𝑡−1.

If D𝑘
𝑡−1 is an interval, the inner maximization reduces to a bound, and the robust counterpart remains

linear.
Federated learning across agents aggregates model information without sharing raw data. Suppose

agents jointly estimate a shared coefficient vector

𝜃 ∈ R𝑝

for a global feature vector 𝜙𝑡 [44]. Each agent 𝑘 maintains a local estimate 𝜃𝑘 and a local gradient

𝑔𝑘 (𝜃𝑘) = 1
𝑁𝑘

𝑁𝑘∑
𝜏=1

∇𝜃ℓ(𝑑𝑘𝜏 , 𝜃𝑘 , 𝜙𝑘𝜏),

where ℓ is a convex loss. A parameter server or coordination agent constructs an aggregate gradient [45]

𝑔̄ =
𝐾max∑
𝑘=1

𝜔𝑘𝑔
𝑘 (𝜃𝑘),

with weights 𝜔𝑘 ≥ 0 summing to one, and performs an update

𝜃new = 𝜃old − 𝜂𝑔̄,
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with step size 𝜂 > 0. The updated parameter is then shared back to agents, which adjust local predictions.
This mechanism preserves the linear optimization structure because it only modifies cost and constraint
parameters [46].

Cost coefficients can also be learned. Let 𝑐𝑘𝑥,𝑖 denote the holding cost per unit of a given part at
agent 𝑘 , and let empirical data provide pairs of inventory levels 𝐼𝑘𝜏,𝑖 and cost contributions𝐶𝑘𝜏,𝑖 . A linear
relation

𝐶𝑘𝜏,𝑖 ≈ 𝑐𝑘𝑥,𝑖 𝐼𝑘𝜏,𝑖

can be fitted by solving a scalar least-squares problem

min
𝑐𝑘𝑥,𝑖

𝑁𝑘∑
𝜏=1

(
𝐶𝑘𝜏,𝑖 − 𝑐𝑘𝑥,𝑖 𝐼𝑘𝜏,𝑖

)2
.

The optimal coefficient [47]

𝑐𝑘∗𝑥,𝑖 =

∑𝑁𝑘

𝜏=1 𝐶
𝑘
𝜏,𝑖 𝐼

𝑘
𝜏,𝑖∑𝑁𝑘

𝜏=1 (𝐼
𝑘
𝜏,𝑖)2

then enters the cost vector 𝑐𝑘𝑥 . Similar procedures can be used for shortage penalties and transportation
charges when their effective values are inferred from realized performance or contractual data.

Uncertainty in lead times can be treated through random variables 𝐿𝑎 for each lane 𝑎. Empirical
distributions can be approximated by a finite set of scenarios

{𝐿 (𝑠)
𝑎 }𝑆𝑠=1,

with probabilities 𝜋𝑠 [48]. These scenarios influence the dynamics matrices in the state-space model. A
linear decision rule that is affine in the scenario index provides a tractable approximation:

𝑢𝑘𝑡 = 𝑢
𝑘
𝑡 ,0 +

𝑆∑
𝑠=1

𝛼𝑘𝑡,𝑠𝜉𝑠 ,

where 𝜉𝑠 is an indicator of scenario 𝑠 and 𝛼𝑘𝑡 ,𝑠 are linear decision coefficients. When the 𝜉𝑠 form a basis
of a simplex, the resulting control remains linear in the underlying random variables [49].

5. Algorithmic Schemes and Convergence Properties
Collective optimization algorithms occur on two interacting time scales. On the fast scale, within each
planning epoch, agents exchange messages and adjust decisions to approximate solutions of the lin-
ear program with fixed parameters. On the slow scale, parameters are updated by data-driven learning
processes based on new observations. Algorithmic properties such as convergence and stability can
be analyzed by first fixing parameters and studying the optimization dynamics, then examining the
perturbations induced by gradual parameter changes [50].

Consider a dual subgradient method for the relaxed coupling constraints. The dual problem is

max
𝜆≥0

𝜃 (𝜆), (5.1)

with concave dual function 𝜃. A generic update has the form [51]

𝜆ℓ+1 = [𝜆ℓ + 𝛼ℓ 𝑠(𝜆ℓ)]+ ,
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where 𝑠(𝜆ℓ) is a subgradient of −𝜃 (𝜆ℓ), 𝛼ℓ is a step size, and [·]+ denotes projection onto the
nonnegative orthant. In the present setting, the subgradient is given by

𝑠(𝜆ℓ) =
𝐾max∑
𝑘=1

𝐻𝑘𝑢𝑘∗ (𝜆ℓ) − ℎ.

Under standard assumptions on step sizes, such as [52]

∞∑
ℓ=0

𝛼ℓ = ∞,
∞∑
ℓ=0

𝛼2
ℓ < ∞,

the sequence 𝜆ℓ converges to the set of dual optimizers, and the average of the primal iterates converges
to a primal optimal solution when strong duality holds.

Consensus plus innovation schemes introduce local copies 𝜆𝑘ℓ and perform updates of the form

𝜆𝑘ℓ+1 =
∑
𝑗∈N𝑘

𝑊𝑘 𝑗𝜆
𝑗
ℓ (5.2)

+ 𝛼ℓ
(
𝐻𝑘𝑢𝑘∗ (𝜆𝑘ℓ ) −

1
𝐾max

ℎ

)
, (5.3)

with a weight matrix

𝑊 = [𝑊𝑘 𝑗 ]

that is doubly stochastic and respects the communication graph. Convergence analysis typically assumes
that the graph is connected and that the step sizes satisfy similar conditions as in centralized subgradient
methods. One can show that the disagreement among 𝜆𝑘ℓ diminishes and that their average converges to
a dual optimizer.

Augmented Lagrangian and alternating direction methods exhibit improved convergence properties
under certain conditions, including linear convergence in some cases [53]. For a simple splitting between
two agents 𝐴 and 𝐵, the alternating direction method of multipliers (ADMM) updates can be written as

𝑦𝐴ℓ+1 = arg min
𝑦𝐴

{
𝑐⊤𝐴𝑦

𝐴 + (𝜇ℓ)⊤ (𝑀𝐴𝑦𝐴 − 𝑧ℓ) (5.4)

+ 𝛾

2
∥𝑀𝐴𝑦𝐴 − 𝑧ℓ ∥2

2

}
, (5.5)

𝑦𝐵ℓ+1 = arg min
𝑦𝐵

{
[54]𝑐⊤𝐵𝑦𝐵 + (𝜇ℓ)⊤ (𝑀𝐵𝑦𝐵 − 𝑧ℓ) (5.6)

+ 𝛾

2
∥𝑀𝐵𝑦𝐵 − 𝑧ℓ ∥2

2

}
, (5.7)

𝑧ℓ+1 =
1
2

(
𝑀𝐴𝑦𝐴ℓ+1 + 𝑀𝐵𝑦𝐵ℓ+1

)
, (5.8)

𝜇ℓ+1 = 𝜇ℓ + 𝛾
(
𝑀𝐴𝑦𝐴ℓ+1 − 𝑧ℓ+1

)
, (5.9)

where 𝑀𝐴 and 𝑀𝐵 are linear mappings that extract shared quantities. Local subproblems remain linear
programs with modified cost coefficients and additional quadratic terms, and the quadratic terms can be
linearized by standard techniques when only approximate solutions are required.

The interaction with learning dynamics can be modeled as a slowly varying parameter sequence [55]

𝜃𝜏+1 = 𝜃𝜏 + Δ𝜏 ,
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where 𝜃𝜏 collects all forecast and cost parameters at epoch 𝜏 and Δ𝜏 represents updates from data. If
the updates are small relative to the time scale of convergence of the optimization algorithm, one can
view the optimization process as tracking a moving optimum. Tracking error bounds can be derived in
terms of the magnitude of Δ𝜏 and the contraction properties of the algorithm in a neighborhood of the
optimum.

Stability of the coupled system of optimization and learning can be examined by considering
Lyapunov-like functions that combine optimality gaps and prediction errors. Let 𝑉𝜏 denote a nonnega-
tive function of the current dual variables, primal decisions, and parameter estimates. If one can show
that

E[𝑉𝜏+1 −𝑉𝜏] ≤ −𝜅E[𝑊𝜏] + 𝜖𝜏 ,

for some nonnegative function𝑊𝜏 , constant 𝜅 > 0, and perturbation 𝜖𝜏 that decays sufficiently fast, then
convergence of both optimization variables and parameter estimates can be characterized in expectation.

6. Numerical Design Considerations and Scalability Analysis
From a numerical standpoint, the linear programs arising in global parts management can be extremely
large, with decision vectors that include millions of variables and constraints across parts, locations, and
time periods [56]. Multi-agent decomposition aims to partition this structure into smaller subproblems
that can be solved in parallel. The practical effectiveness of such decompositions depends on the sparsity
pattern of the constraint matrix, the strength of coupling constraints, and the communication topology.

Consider a block-structured constraint matrix

𝐴 =


𝐴1,1 𝐴1,2 · · · 𝐴1,𝐾max

𝐴2,1 𝐴2,2 · · · 𝐴2,𝐾max

...
...

. . .
...

𝐴𝐾max ,1 𝐴𝐾max ,2 · · · 𝐴𝐾max ,𝐾max


,

with diagonal blocks 𝐴𝑘,𝑘 associated with local constraints and off-diagonal blocks capturing cou-
plings. If most off-diagonal blocks are zero or of low rank, the cost of solving each local subproblem is
dominated by 𝐴𝑘,𝑘 , and inter-agent communication is confined to a few neighboring agents. The total
computational effort scales roughly with [57]

𝐾max∑
𝑘=1

cost(𝐴𝑘,𝑘),

while coupling introduces additional overhead proportional to the number and size of nonzero off-
diagonal blocks.

Preconditioning can be used to improve the convergence of iterative methods for large linear systems
that arise in interior-point or first-order methods applied to the linear programs. For example, diagonal
scaling matrices

𝐷𝑟 ∈ R𝑚×𝑚 and 𝐷𝑐 ∈ R𝑛×𝑛

can be chosen to equilibrate the rows and columns of 𝐴 such that [58]

∥(𝐷𝑟 𝐴𝐷𝑐)𝑖,:∥2 ≈ 𝛾

for all rows 𝑖 and some scalar 𝛾. This improves numerical conditioning and robustness of factorization
routines across agents.

In distributed settings, communication delays and bandwidth limits motivate compressed repre-
sentations of messages [59]. Dual variables and marginal costs can be quantized or sparsified before
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transmission. A simple sparsification strategy sends only entries of a dual vector𝜆 that exceed a threshold
in magnitude. Formally, the transmitted vector

𝜆̃𝑖 =

{
𝜆𝑖 , [60] |𝜆𝑖 | ≥ 𝜏,
0, otherwise,

for each component 𝑖, with threshold 𝜏 > 0. The resulting perturbation can be modeled as an additive
error

𝑒 = 𝜆̃ − 𝜆,

and convergence analysis can be extended to account for bounded errors in the dual updates [61].
Scalability can also be examined by studying asymptotic regimes in which the number of agents

or parts grows. Suppose each agent manages a fixed number of parts and that coupling constraints are
limited to a fixed number of neighbors. Under these conditions, the per-agent complexity of local opti-
mization remains bounded as the network grows, and the cost of coordination grows at most linearly with
the number of agents if communication is organized along sparse graphs. This suggests that multi-agent
linear optimization can scale favorably with network size under structured sparsity.

From a modeling perspective, aggregation strategies such as grouping parts into families with similar
demand and lead-time characteristics can reduce model size [62]. Let a mapping

𝜋 : {1, . . . , 𝑃} → {1, . . . , 𝐹}

assign each part index to a family index. Aggregated demand for family 𝑓 is then

𝐷
𝑓
𝑡 =

∑
𝑝:𝜋 (𝑝)= 𝑓

𝑑 𝑝𝑡 ,

and aggregated inventory decision variables can be introduced [63]. Linear constraints can be maintained
at the family level, with disaggregation rules applied heuristically or through secondary optimization
when specific part-level decisions are required.

Sensitivity analysis using dual variables can support incremental updates to solutions when param-
eters change. If a capacity bound ℎ 𝑗 in a constraint changes by Δℎ 𝑗 , the corresponding change in the
optimal cost is approximately

Δ𝐽 ≈ 𝜆∗𝑗Δℎ 𝑗 , [64]

where 𝜆∗𝑗 is the optimal dual variable for that constraint. Agents can use such sensitivities to prioritize
which constraints should be tightened or relaxed in response to scenario analyses, without fully resolving
the optimization problem.

7. Conclusion
The study of collective optimization strategies for global parts management using multi-agent data ana-
lytics combines three strands of structure: network-based linear models of inventory and flow, distributed
decision architectures in which agents control local variables subject to shared constraints, and data-
driven estimation of the parameters that define costs and feasible sets. Linear formulations provide a
tractable representation of multi-echelon dynamics, capacity constraints, and service-level requirements,
while multi-agent decompositions exploit block structure and sparsity for scalability [65].

Agents equipped with local data analytics modules learn demand forecasts, lead-time characteris-
tics, and cost coefficients that populate the linear models. Coordinated solution methods such as dual
decomposition, consensus-based schemes, and augmented Lagrangian approaches allow agents to com-
pute decisions that approximate solutions of the global linear program while exchanging only limited
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information. The integration of learning and optimization introduces temporal dynamics in which both
decision variables and model parameters evolve as new observations arrive.

Algorithmic considerations highlight the role of sparsity, communication constraints, and precon-
ditioning in achieving practical scalability [66]. Sensitivity analysis based on dual variables supports
incremental adaptation to changes in capacity or demand profiles without repeated full model resolu-
tions. Uncertainty is handled through data-driven construction of sets and scenarios that are compatible
with linear robust counterparts or affine decision rules. Numerical design choices such as aggregation of
parts into families and federated learning of shared model components further contribute to manageable
computation in large networks.

The multi-agent linear-analytic framework provides a foundation for further investigations into richer
objectives, alternative coordination mechanisms, and integration with discrete decision layers such
as sourcing selection or mode choice. It also creates opportunities to explore stability and perfor-
mance guarantees when optimization algorithms and learning processes are tightly coupled in real-time
operational environments [67].
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